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Transversal infinitesimal automorphisms on
Ka¨hler foliations
Seoung Dal Jung
Abstract. Let F be a Ka¨hler foliation on a compact Riemannian manifold
M . We study the properties of infinitesimal automorphisms on (M,F), and in
particular we concentrate on the transversal conformal field, transversal projective
field and transversally holomorphic field.
1 Introduction
Let (M,F) be a Riemannian manifold with a Riemannian foliation F of codi-
mension q. A transversal infinitesimal automorphism on M is an infinitesimal
automorphism which preserves the leaves. A transversal infinitesimal automor-
phism is said to be a transversal Killing field, a transversal conformal field or a
transversal projective field if it generates a one parameter family of a transver-
sal infinitesimal isometric, a transversal infinitesimal confomal or a transversal
infinitesimal projective transformation, respectively. Such geometric objects give
some important information about the leaf space M/F . There are several re-
sults about infinitesimal automorphisms on Riemannian foliations [5,6,7,9,10,11].
Recently, M. J. Jung and S. D. Jung [5] studied the properties of transversal
infinitesimal automorphisms on a compact foliated Riemanian manifold (M,F).
In this paper, we investigate the properties of transversal infinitesimal auto-
morphisms on Ka¨hler foliations. The paper is organized as follows. In Section 2,
we review the basic facts on Riemannian foliations. In Section 3, we review the
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well-known facts about infinitesimal automorphisms on Riemannian foliations.
In Section 4, we prove that, on Ka¨hler foliations, every transversal conformal (or
projective) field is a transversal affine field (Theorem 4.2, Theorem 4.5). In partic-
ular, if the transversal scalar curvature is a non-zero constant, every transversal
conformal field is a transversal Killing field (Theorem 4.3). In addition, every
transversal projective field satisfying some condition is a transversal Killing field
(Theorem 4.6). Note that on ordinary manifolds, any affine field is a Killing
field, but on Riemannian foliations, a transversal affine field is not necessarily
a transversal Killing field [5]. In Section 5, we study transversally holomorphic
fields and give a vanishing theorem without making the assumption that all leaves
of F are minimal.
2 Preliminaries
Let (M, gM ,F) be a (p+ q)-dimensional Riemannian manifold with a foliation F
of codimension q and a bundle-like metric gM with respect to F [16]. Let ∇
M be
the Levi-Civita connection with respect to gM . Let TM be the tangent bundle
of M , L its integrable subbundle given by F , and Q = TM/L the corresponding
normal bundle. Then there exists an exact sequence of vector bundles
0 −→ L −→ TM
π
−→
←−
σ
Q −→ 0, (2.1)
where σ : Q→ L⊥ is a bundle map satisfying pi ◦σ = id. Let gQ be the holonomy
invariant metric on Q induced by gM = gL + gL⊥; that is,
gQ(s, t) = gM(σ(s), σ(t)) ∀ s, t ∈ ΓQ. (2.2)
This means that θ(X)gQ = 0 for X ∈ ΓL, where θ(X) is the transverse Lie
derivative. So we have an identification L⊥ with Q via an isometric splitting
(Q, gQ) ∼= (L
⊥, gL⊥). A transversal Levi-Civita connection ∇ in Q is defined [5]
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by
∇Xs =


pi([X, Ys]) ∀X ∈ ΓL
pi(∇MX Ys) ∀X ∈ ΓL
⊥,
(2.3)
where s ∈ ΓQ and Ys = σ(s) ∈ ΓL
⊥ corresponding to s under the canoni-
cal isomorphism Q ∼= L⊥. The curvature R∇ of ∇ is defined by R∇(X, Y ) =
[∇X ,∇Y ] −∇[X,Y ] for X, Y ∈ ΓTM . Since i(X)R
∇ = 0 for any X ∈ ΓL [5], we
can define the transversal Ricci operator ρ∇ : ΓQ→ ΓQ by
ρ∇(sx) =
n∑
a=p+1
R∇(s, Ea)Ea, (2.4)
where {Ea}a=p+1,··· ,n is an orthonormal basic frame ofQ. And then the transversal
Ricci curvature Ric∇ is given by Ric∇(s1, s2) = gQ(ρ
∇(s1), s2) for any s1, s2 ∈ ΓQ.
The transversal scalar curvature σ∇ is given by σ∇ = Trρ∇. The foliation F is
said to be (transversally) Einsteinian if the model space is Einsteinian, that is,
ρ∇ =
1
q
σ∇ · id (2.5)
with constant transversal scalar curvature σ∇. The mean curvature vector κ♯ of
F is defined by
κ♯ = pi
( p∑
i=1
∇MEiEi
)
, (2.6)
where {Ei} is a local orthonormal basis of L. The foliation F is said to be
minimal if κ♯ = 0. A differential form ω ∈ Ωr(M) is basic if i(X)ω = 0 and
θ(X)ω = 0 for all X ∈ ΓL. Let ΩrB(F) be the set of all basic r-forms onM . Then
Ωr(M) = ΩrB(F) ⊕ Ω
r
B(F)
⊥ [1]. It is well-known that the mean curvature form
κB is closed, i.e., dκB = 0, where κB is the basic part of κ. The basic Laplacian
acting on Ω∗B(F) is defined by
∆B = dBδB + δBdB, (2.7)
3
where δB is the formal adjoint of dB = d|Ω∗
B
(F) [1,3]. Let {Ea}(a = 1, · · · , q) be a
local orthonormal basis of Q. We define ∇∗tr∇tr : Ω
r
B(F)→ Ω
r
B(F) by
∇∗tr∇tr = −
∑
a
∇2Ea,Ea +∇κ♯B
, (2.8)
where ∇2X,Y = ∇X∇Y − ∇∇MX Y for any X, Y ∈ TM . The operator ∇
∗
tr∇tr is
positive definite and formally self adjoint on the space of basic forms [3]. We
define the bundle map AY : Λ
rQ∗ → ΛrQ∗ for any Y ∈ V (F) [9] by
AY φ = θ(Y )φ−∇Y φ, (2.9)
where θ(Y ) is the transverse Lie derivative. Then it is proved [6] that, for any
vector field Y ∈ V (F),
AY s = −∇Ys Y¯ , (2.10)
where Ys = σ(s) ∈ ΓTM . So AY depends only on Y¯ = pi(Y ) and is a linear
operator. Since θ(X)φ = ∇Xφ for any X ∈ ΓL, AY preserves the basic forms
and depends only on Y¯ . Then we have the generalized Weitzenbo¨ck formula.
Theorem 2.1 [3] On a Riemannian foliation F , we have
∆Bφ = ∇
∗
tr∇trφ+ F (φ) + Aκ♯B
φ, φ ∈ ΩrB(F), (2.11)
where F (φ) =
∑
a,b θ
a ∧ i(Eb)R
∇(Eb, Ea)φ. If φ is a basic 1-form, then F (φ)
♯ =
ρ∇(φ♯).
From Theorem 2.1, we have the following. For any φ ∈ ΩrB(F),
1
2
∆B|φ|
2 = 〈∆Bφ, φ〉 − |∇trφ|
2 − 〈F (φ), φ〉 − 〈Aκ♯B
φ, φ〉. (2.12)
Now, we recall the following generalized maximum principle.
Lemma 2.2 [7] Let F be a Riemannian foliation on a closed, oriented Rieman-
nian manifold (M, gM). If (∆B − κ
♯
B)f ≥ 0 (or ≤ 0) for any basic function f ,
then f is constant.
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Let V (F) be the space of all vector fields Y on M satisfying [Y, Z] ∈ ΓL for all
Z ∈ ΓL. An element of V (F) is called an infinitesimal automorphism of F [10].
Let
V¯ (F) = {Y¯ = pi(Y )|Y ∈ V (F)}. (2.13)
It is trivial that an element s of V¯ (F) satisfies ∇Xs = 0 for all X ∈ ΓL [9]. Hence
V¯ (F) ∼= Ω1B(F).
3 Transversal infinitesimal automorphisms
If Y ∈ V (F) satisfies θ(Y )gQ = 0, then Y¯ is called a transversal Killing field of
F . If Y ∈ V (F) satisfies θ(Y )gQ = 2fY gQ for a basic function fY depending
on Y , then Y¯ is called a transversal conformal field of F . Equivalently, for any
X,Z ∈ V (F)
gQ(∇X Y¯ , Z) + gQ(X,∇Z Y¯ ) = 2fY gQ(X¯, Z¯). (3.1)
In this case, we have
fY =
1
q
div∇ Y¯ , (3.2)
where div∇Y¯ is the transversal divergence of Y¯ . A transversal conformal field Y¯
is homothetic if fY is constant. For any vector fields Y, Z ∈ V (F) and X ∈ ΓQ,
we have [5]
(θ(Y )∇)(Z,X) = R∇(Y¯ , Z¯)X +∇Z¯∇X Y¯ −∇∇ZX Y¯ . (3.3)
If Y ∈ V (F) satisfies θ(Y )∇ = 0, then Y¯ is called a transversal affine field of F .
If Y ∈ V (F) satisfies
(θ(Y )∇)(X,Z) = αY (X)Z + αY (Z)X (3.4)
for anyX,Z ∈ ΓQ, where αY is a basic 1-form onM , then Y¯ is called a transversal
projective field of F ; in this case, it is trivial that
αY =
1
q + 1
dB div∇ Y¯ . (3.5)
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Let {Ea}a=1,··· ,q be a local orthonormal basic frame in Q such that (∇Ea)x for
x ∈ M . From now on, all the computations in this paper will be made in such
charts. For any Y ∈ V (F), from (3.3), we have
(θ(Y )R∇)(Ea, Eb)Ec = (∇aθ(Y )∇)(Eb, Ec)− (∇bθ(Y )∇)(Ea, Ec), (3.6)
where ∇a = ∇Ea . Then we have the following lemma.
Lemma 3.1 [5] Let F be a Riemannian foliation of codimension q on a Rie-
mannian manifold (M, gM). If Y¯ ∈ V¯ (F) is a transversal conformal field, i.e.,
θ(Y )gQ = 2fY gQ, then we have
gQ((θ(Y )∇)(Ea, Eb), Ec) = δ
c
bfa + δ
c
afb − δ
b
afc, (3.7)
gQ((θ(Y )R
∇)(Ea, Eb)Ec, Ed) = δ
d
b∇afc − δ
c
b∇afd − δ
d
a∇bfc + δ
c
a∇bfd, (3.8)
θ(Y )σ∇ = 2(q − 1)(∆BfY − κ
♯
B(fY ))− 2fY σ
∇, (3.9)
where fa = ∇afY .
From (3.7), it is trivial that any transversal homothetic field is a transversal affine
field. On the other hand, from (3.4) and (3.7), we have the following.
Lemma 3.2 Let F be the same as in Lemma 3.1. If Y¯ ∈ V¯ (F) is a transversal
projective field, then we have
(θ(Y )R∇)(Ea, Eb)Ec = (∇aαY )(Eb)Ec + (∇aαY )(Ec)Eb (3.10)
− (∇bαY )(Ea)Ec − (∇bαY )(Ec)Ea.
Now, we define the operator BµY : ΓQ→ ΓQ(µ ∈ R) for any Y ∈ V (F) by
BY = AY + A
t
Y + µ · div∇Y¯ id. (3.11)
It is well-known [9] that Y¯ is transversal conformal(resp. transversal Killing) field
if and only if B
2/q
Y = 0 (resp. B
0
Y = 0). Then we have the following lemma.
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Lemma 3.3 Let F be a Riemannian foliation on a compact Riemannian mani-
fold (M, gM). If Y¯ is transversal homothetic, i.e., div∇Y¯ is constant, then∫
M
gQ(B
µ
Y Y¯ , κ
♯
B) = div∇Y¯ (µ−
2
q
div∇Y¯ )vol(M). (3.12)
Proof. From (3.1) and the transversal divergence theorem, the proof follows. ✷
Now, we recall the following relationships among infinitesimal automorphisms
on a Riemannian foliation.
Proposition 3.4 [5] Let F be a Riemannian foliation on a compact Riemannian
manifold (M, gM). Then,
(1) Any transversal Killing field is a transversal affine field.
(2) Any transversal affine field with
∫
M
gQ(B
0
Y Y¯ , κ
♯) = 0 is a transversal
Killing field.
(3) Any transversal conformal field (or projective field) Y¯ with the properties
(i)
∫
M
gQ(B
0
Y Y¯ , κ
♯) ≥ 0, (ii) dBdiv∇Y¯ = 0
is a transversal Killing field.
Note that on F with a constant transversal scalar curvature σ∇, if F admits a
transversal conformal field Y¯ with fY 6= 0, then σ
∇ is non-negative ([5], Corollary
5.6). Equivalently, on F with a negative constant σ∇, there is no non-isometric
transversal conformal field. Hence we have the following proposition.
Proposition 3.5 Let F be Riemannian foliation of codimension q on a compact
Riemannian manifold (M, gM). Assume that the transversal scalar curvature σ
∇
is negative constant. Then any transversal conformal field is a transversal Killing
field.
Theorem 3.6 [6] Let (M, gM ,F) be a compact Riemannian manifold with a foli-
ation F of codimension q and a bundle-like metric gM . Assume that the transver-
sal Ricci curvature ρ∇ is non-positive and negative at some point. Then
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(1) there are no transversal Killing fields on M
(2) if δBκB = 0, then there are no transversal conformal fields.
Remark. From Proposition 3.5 and Theorem 3.6, it is well-known that on
a transversally Einstein foliation with negative scalar curvature, there are no
transversal conformal fields without the condition δBκB = 0. For more relations
among infinitesimal automorphisms on a Riemannian foliation, see [5,11].
4 Transversal conformal and projective field on
Ka¨hler foliations
Now, we study the infinitesimal automorphisms on Ka¨hler foliations. Let F be a
Ka¨hler foliation of codimension q = 2m on a Riemannian manifold (M, gM) [10].
Note that for any X, Y ∈ ΓQ,
Ω(X, Y ) = gQ(X, JY ) (4.1)
defines a basic 2-form Ω, which is closed, where J : Q→ Q is an almost complex
structure on Q. Then we have
Ω = −
1
2
2m∑
a=1
θa ∧ Jθa, (4.2)
where θa is a dual form of Ea. Moreover, we have the following identities:
R∇(X, Y )J = JR∇(X, Y ), R∇(JX, JY ) = R∇(X, Y ) (4.3)
for any X, Y ∈ ΓQ. Then we have the following.
Proposition 4.1 Let F be a Ka¨hler foliation of codimension q = 2m on a
Riemannian manifold (M, gM) and let Y¯ be a transversal conformal field, i.e.,
θ(Y )gQ = 2fY gQ. Then we have
∆BfY − κ
♯
B(fY ) = 0. (4.4)
Moreover, if M is compact, then fY is constant, i.e., Y¯ is transversal homothetic.
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Proof. Let fY be a basic function with θ(Y )gQ = fY gQ. Fix x ∈M and let {Ea}
be a local orthonormal basic frame such that (∇Ea)x = 0. Then, at x, we have
from (3.8),
2m∑
a,b=1
gQ((θ(Y )R
∇)(Ea, Eb)Ea, Eb) = 2q
2m∑
a=1
EaEa(fY )
2m∑
a,b=1
gQ((θ(Y )R
∇)(JEa, JEb)Ea, Eb) = 2
2m∑
a=1
EaEa(fY ).
From (4.3), we have
2(q − 1)
2m∑
a=1
EaEa(fY ) = 0. (4.5)
Since q > 1,
∑2m
a=1 EaEa(fY ) = 0. Hence ∆BfY = κ
♯
B(fY ), which proves (4.4).
Moreover, if M is compact, by Lemma 2.2, fY is constant. ✷
Theorem 4.2 Let F be a Ka¨hler foliation on a compact Riemannian manifold
(M, gM). Then any transversal conformal field is a tranversal affine field.
Proof. Let Y¯ be a transversal conformal field such that θ(Y )gQ = fY gQ. By
Proposition 4.1, fY is constant. Therefore, from Lemma 3.1 (3.7), θ(Y )∇ = 0.
So Y¯ is the transversal affine field. ✷
Remark. On a compact Ka¨hler manifold, any conformal field is always a Killing
field, because any affine field is a Killing field [13]. For the foliated manifold,
this does not hold because of Proposition 3.3 (2). In fact, we have the following
theorem.
Theorem 4.3 Let F be a Ka¨hler foliation on a compact Riemannian manifold
(M, gM). Assume that the transversal scalar curvature σ
∇ is non-zero constant.
Then any transversal conformal field is a transversal Killing field.
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Proof. Let Y¯ be a transversal conformal field such that θ(Y )gQ = fY gQ. Since
σ∇ 6= 0 is constant, from Lemma 3.1 (3.9) and Proposition 4.1, fY = 0. Therefore,
Y¯ is a transversal Killing field. ✷
Now we study the transversal projective field on a Ka¨hler foliation. From
Lemma 3.2, we have the following.
Proposition 4.4 Let F be a Ka¨hler foliation of codimension q = 2m(m ≥ 2) on
a Riemannian manifold (M, gM) and let Y¯ be a transversal projective field. Then
we have
∆BgY − κ
♯
B(gY ) = 0, (4.6)
where gY = div∇(Y¯ ). If M is compact, then gY is constant.
Proof. Let Y¯ be a transversal projective field. Let {Ea} be a local orthonormal
basic frame such that (∇Ea)x = 0 at x ∈M . Then, from Lemma 3.2, we have
(q + 1)(θ(Y )R∇)(Ea, Eb)Ec = EaEb(div∇Y¯ )Ec + EaEc(div∇Y¯ )Eb
− EbEa(div∇Y¯ )Ec − EbEc(div∇Y¯ )Ea.
Hence we have
(q + 1)
2m∑
a,b=1
gQ((θ(Y )R
∇)(Ea, Eb)Ea, Eb) = (q − 1)
2m∑
a=1
EaEa(fY )
(q + 1)
2m∑
a,b=1
gQ((θ(Y )R
∇)(JEa, JEb)Ea, Eb) =
2m∑
a=1
EaEa(fY ).
From (4.3), we have
(q − 2)
2m∑
a=1
EaEa(div∇Y¯ ) = 0.
Since q > 2, we have (∆B − κ
♯
B)gY =
∑2m
a=1EaEa(gY ) = 0. Moreover, if M is
compact, by Lemma 2.2, gY is constant. ✷
From Proposition 4.4, we have the following theorem.
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Theorem 4.5 Let F be a Ka¨hler foliation of codimension q = 2m(m ≥ 2) on a
compact Riemannian manifold (M, gM). Then any transversal projective field is
a tranversal affine field.
Proof. Let Y¯ be a transversal projective field. From Proposition 4.4, gY = div∇Y¯
is constant. Hence, from (3.5), αY = 0. From (3.4), Y¯ is transversal affine. ✷
From Proposition 3.3 (3), we have the following corollary.
Corollary 4.6 Let F be a Ka¨hler foliation of codimension q = 2m(m ≥ 2) on
a compact Riemannian manifold (M, gM). If any transversal projective field Y¯
satisfies
∫
M
gQ(B
0
Y Y¯ , κ
♯) ≥ 0, then Y¯ is a transversal Killing field.
Remark. For a harmonc Ka¨hler foliation on a compact Riemannian manifold,
any transversal projective is a transversal Killing field. For the point foliation,
any transversal affine field is a transversal Killing field [15]. So Theorem 4.2 and
Theorem 4.5 are found in [13].
5 Transversally holomorphic fields
Let F be a Ka¨hler foliation of codimension q = 2m on a Riemannian manifold
(M, gM). Let Y be an infinitesimal automorphism of F . Then a vector field Y¯ is
said to be a transversally holomorphic field if
θ(Y )J = 0, (5.1)
equivalently, for all Z ∈ ΓL⊥
∇JZ Y¯ = J∇Z Y¯ . (5.2)
Let {Eα, JEα}(α = 1, · · · , m) be a local orthonormal basis of ΓL
⊥. Then we
recall the following well-known facts.
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Lemma 5.1 [10] On a Ka¨hler foliation of codimension q = 2m, it holds that
ρ∇(X) =
m∑
a=1
JR∇(Ea, JEa)X. (5.3)
Then we have the following facts on a harmonic foliation.
Theorem 5.2 [10] On a harmonic Ka¨hler foliation F on a compact manifold
(M, gM), the followings are equivalent:
(1) Y¯ is transversally holomorphic, θ(Y )J = 0,
(2) Y¯ is a transversal Jacobi field of F , i.e., ∇∗tr∇trY¯ − ρ
∇(Y¯ ) = 0.
Next, we study the above relations on a non-harmonic Ka¨hler foliation. In fact,
we have the following theorem.
Theorem 5.3 On a Ka¨hler foliation F on (M, gM), Y¯ is transversally holomor-
phic, i.e., θ(Y )J = 0 if and only if
(i) ∇∗tr∇trY¯ − ρ
∇(Y¯ ) + AY κ
♯
B = 0,
(ii)
∫
M
gQ((θ(Y )J)κ
♯
B, JY¯ ) = 0.
Proof. Let Y¯ be transversally holomorphic, i.e., ∇JZY¯ = J∇ZY¯ for any Z ∈
ΓQ. Then, by long calculation, we have
∇∗tr∇trY¯ =
m∑
α=1
JR∇(Eα, JEα)Y¯ +∇κ♯B
Y¯ . (5.4)
From (2.10) and (5.3), we have
∇∗tr∇trY¯ − ρ
∇(Y¯ ) + AY κ
♯
B = 0. (5.5)
Hence (i) and (ii) are proved. Conversely, by direct calculation, we have∫
M
|θ(Y )J |2 = 2
∫
M
gQ(∇
∗
tr∇trY¯ − ρ
∇(Y¯ ) + AY κ
♯
B, Y¯ )
+ 2
∫
M
2m∑
a=1
EagQ(∇EaY¯ + J∇JEaY¯ , Y¯ ).
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Now we choose X ∈ ΓQ by gQ(X,Z) = gQ(∇Z Y¯ + J∇JZY¯ , Y¯ ) for any Z ∈ ΓQ.
Then, by the transversal divergence theorem, we have
∫
M
2m∑
a=1
EagQ(∇EaY¯ + J∇JEaY¯ , Y¯ ) =
∫
M
div∇(X)
=
∫
M
gQ(∇κ♯B
Y¯ + J∇Jκ♯B
Y¯ , Y¯ ).
Hence we have
1
2
∫
M
|θ(Y )J |2 =
∫
M
gQ(∇
∗
tr∇trY¯ − ρ
∇(Y¯ ) + AY κ
♯
B, Y¯ ) +
∫
M
gQ((θ(Y )J)κ
♯
B, JY¯ ).
Hence the converse is proved. ✷.
Remark. The solution of ∇∗tr∇trY¯ − ρ
∇(Y¯ ) + AY κ
♯
B = 0 appears as the kernel
of the transversal Jacobi operator JTid of the identity map [4].
Moreover, on non-harmonic Ka¨hler foliations on compact manifolds, the fol-
lowing theorem holds.
Theorem 5.4 Let F be a Ka¨hler foliation on a compact Riemannian manifold
(M, gM). Assume that the transversal Ricci operator is non-positive and negative
at some point. Then every infinitesimal automorphism Y with a transversally
holomorphic field Y¯ satisfies Y ∈ ΓL, i.e., Y¯ = 0.
Proof. Let Y¯ be a transversally holomorphic field. Then, by Theorem 5.3, we
have
∆B|Y¯ |
2 = 2gQ(∇
∗
tr∇trY¯ , Y¯ )− 2|∇trY¯ |
2
= 2gQ(ρ
∇(Y¯ ), Y¯ )− 2|∇trY¯ |
2 + κ♯B|Y¯ |
2.
Since the transversal Ricci curvature ρ∇ is non-positive, we have (∆B−κ
♯
B)|Y¯ |
2 ≤
0. Hence, by Lemma 2.2, |Y¯ | is constant. Moreover, since ρ∇ is negative at some
point, Y¯ is zero, i.e., Y is tangential to F . ✷
Remark. In [10], S. Nishikawa and P. Tondeur proved Theorem 5.4 when the
foliation is minimal.
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